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ABSTRACT

Dufresne et al. (1991) introduced a general risk model defined as the limit of compound Poisson
processes. Such a model is either a compound Poisson process itself or a process with an infinite
number of small jumps. Later, in a series of now classical papers, the joint distribution of the time
of ruin, the surplus before ruin, and the deficit at ruin was studied (Gerber and Shiu 1997, 1998a,
1998b; Gerber and Landry 1998). These works use the classical and the perturbed risk models
and hint that the results can be extended to gamma and inverse Gaussian risk processes.

In this paper we work out this extension to a generalized risk model driven by a nondecreasing
Lévy process. Unlike the classical case that models the individual claim size distribution and obtains
from it the aggregate claims distribution, here the aggregate claims distribution is known in closed
form. It is simply the one-dimensional distribution of a subordinator. Embedded in this wide family
of risk models we find the gamma, inverse Gaussian, and generalized inverse Gaussian processes.
Expressions for the Gerber-Shiu function are given in some of these special cases, and numerical
illustrations are provided.

1. INTRODUCTION

We first discuss a risk model with a surplus process of the form
Ui) =u +ct —St) + nZ(), t =0, (1.1)

where S is a subordinator with Lévy measure dQ and Z is a Lévy motion with no positive jumps and
zero drift. Here w is the initial surplus, and ¢ is a constant premium rate defined asc = (1 + 0) E[S(1)],
where 6 = 0 is the security loading factor. For an account on the classical risk model we refer the
reader to Grandell (1991), Bowers et al. (1997), or Asmussen (2000).

Ruin probabilities in this model have been discussed in Bertoin and Doney (1994), Yang and Zhang
(2001), Morales and Schoutens (2003), Huzak et al. (2004), Kliippelberg, Kyprianou, and Maller (2004)
and Doney and Kyprianou (2006). The results on ruin probabilities for (1.1) follow from well-known
results in fluctuation theory for Lévy processes. Huzak et al. (2004) study a ladder-height decomposi-
tion for the ruin probability; Kliippelberg, Kyprianou, and Maller (2004) and Doney and Kyprianou
(2006) study the ruin probability asymptotics, as well as the over- and undershoot for such a model.
However, the Gerber-Shiu function has not yet been explored in such a context.

The Gerber-Shiu function was introduced in Gerber and Shiu (1998a) and was defined to capture
several quantities of interest in risk theory, namely, the ruin probability, the Laplace transform of the
time to ruin, and the joint density of the surplus prior to ruin and the deficit at ruin. Results for this
function are embedded in the quintuple law discussed in Doney and Kyprianou (2006). It is of inde-
pendent interest to derive and interpret these results in such a way that they remain compatible with
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the existing actuarial literature. It is also useful to explore examples for which computations can be
carried out beyond the general expressions.

Dufresne, Gerber, and Shiu (1991) introduced a general risk model defined as the limit of compound
Poisson processes. Such a model is either a compound Poisson process itself or a process with an
infinite number of small jumps. The construction of Dufresne, Gerber, and Shiu is based on a nonneg-
ative, nonincreasing function that governs the jumps of the process. This function, it turns out, is the
tail of the Lévy measure of the process. In this article we work out the extension of work by Dufresne,
Gerber, and Shiu for subordinators, a subclass of Lévy processes.

Unlike the classical case, which models the individual claim size distribution and obtains from it the
aggregate distribution, here the aggregate claims distribution is known in closed form. In particular,
Sections 3.2, 4.3, and 5 discuss examples for which the general results can be carried forward in more
detail. This is a straightforward application of the characterization of subordinators, as limits of com-
pound Poisson processes. Nonetheless, it brings new insight to the applicability of Gerber-Shiu func-
tions in general risk models.

We start by defining subordinators and reviewing their first properties.

2. SUBORDINATORS

Subordinators form the subclass of nondecreasing Lévy processes. Lévy processes are in a one-to-one
correspondence with the class of infinitely divisible distributions (see Barndorff-Nielsen, Mikosh, and
Resnick [2001], Bertoin [1996], or Sato [1999] for accounts on Lévy processes and subordinators).
Their characteristic function ®,(u) = E(e™©) is written in the form e ™  where ¢ is the so-called
characteristic exponent in the Lévy-Khintchine characterization, as given in the following definition.

DEFINITION 2.1
An adapted cadlag R-valued process X = {X(t),~, with X(0) = 0 is a Lévy process if its characteristic
Sfunction is of the form ®,(u) = e **W, where

2

z

o(u) = —iau + %uz - fRO [e" — 1 —dux [ 4y(0)] dQ(x), u € R, 2.1)
with a, b € R, and dQ is a positive measure on R, = R — {0} satisfying
| anmse dow <=
Ro

The constants a and b’ and the measure dQ uniquely determine X. They are referred to as the triplet of
Lévy characteristics (or Lévy triplet for short) [a, b°, dQ]. The measure dQ is called the Lévy measure,
and the exponent ¢ is called the characteristic exponent of the process X.

The Lévy measure governs the occurrence and the size of the jumps of the process X. For instance,
the number of jumps of size larger than any € > 0 is a Poisson process with mean Q(g) = [7 dQ(x),
where Q is the integrated tail of dQ. The density function of the jump sizes is then dQ(x)/Q(e) .. (x).
Hence, the jumps larger than € form a compound Poisson process.

If b> > 0 and the Lévy measure is identically zero, then the process is a Brownian motion (the only
continuous Lévy process). When the Gaussian coefficient b?> = 0 the process is entirely composed by
jumps; if in addition [, dQ(x) < o, then the process is a compound Poisson process, while if [ dQ(x)
= o but [g, (1 /\ |x[) dQ(x) < o, then the process has an infinite number of small jumps but is of
finite variation. Finally, if [p, dQ(x) = « and [, (1 /N |x|) dQ(x) = %, the process has infinitely many
jumps and is of unbounded variation.

If the Gaussian coefficient b> = 0 and the Lévy measure dQ is defined on (0, ), such that
51 A\ x) dQ(x) < o, then the corresponding Lévy process is called a subordinator. Its increments are
always positive, and hence its Laplace transform ¢,(s) = E(e *¥®) exists and is of the form e”™"® where
WV is called the Laplace exponent, which can be written as
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P(s) = as + f: (1 — e™) dQ(x), s> 0. (2.2)

Note the relation with the characteristic exponent in (2.1), ¥(s) = ¢(is), for any subordinator. Equa-
tion (2.2) characterizes the family of all subordinators. Alternatively, in terms of the integrated tail
Q of the Lévy measure, we can rewrite (2.2) as (see Bertoin 1996):

Ve j e 0) dv, s> 0. (2.3)

S 0

It is useful to define also the cumulant exponent of a Lévy process V. This is simply the exponent
appearing in the moment-generating function of the process, that is, E(e**®) = ¢ %®_ The cumulant
exponent is clearly given by the Laplace exponent as U(s) = ¥(—s). Note that our definition of ¥ differs

in sign from the standard one. This is for consistency with the result of Zolotarev (1964) used later in
Theorem 3.1.

2.1 Examples of Subordinators

[lustrative examples of subordinators are the a-stable subordinator, the gamma process, and the gen-
eralized inverse Gaussian process.

2.1.1 a-Stable Subordinator
If the Laplace exponent given by

(63

ﬁ J() 1 —e™) a7 du, s > 0, (2.4)

Y(s) = s* =

with o € (0, 1), then the process X is called an a-stable subordinator. The Lévy measure is given by

o

—1—a >
T - o x dx, x > 0.

dQ(x) = q(x) dx =

Notice that Q(0) = [ dQ(x) = %, and therefore the process has infinitely many small jumps.

The a-stable subordinator is a subclass of the larger family of a-stable processes. The restriction on
the parameter 0 < a < 1 is due to the condition [§ (1 /\ x) dQ(x) < . The increments of this process
follow a positive a-stable distribution.

The a-stable family is studied extensively in Janicki and Weron (1994). In insurance the a-stable
process has been used recently for risk models in the presence of large claims (Furrer, Michna, and
Weron 1997; Furrer 1998). When a € [1, 2), the a-stable process is no longer a subordinator, but it
can be used as the Lévy perturbation in (1.1) (see Section 3).

2.1.2 Gamma Process

The gamma process is a subordinator with Laplace exponent given by
Y(s) = aln (1 + g) = f (1 — ™) ax e ™ dx, s> 0, (2.5)
0

where a, b > 0. Clearly the Lévy measure is given by
dQ(x) = g(x) dx = ax e ™ dx, x > 0. (2.6)
We can easily see that the mean of this process at time 1 is
py = E[X(1)] = a/b. 2.7

Notice that Q(0) = [ dQ(x) = %, and therefore this process also has infinitely many small jumps. The
increments of this process follow a gamma distribution; see the illustrative path in Figure 1 with initial
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Figure 1
Surplus Process in (1.1) with Gamma Subordinator (a = 15, b = 10)

9.9 100 10.1
1 | 1

93

96
|

95
|

0.0 05 1.0 15 20

Timet

surplus u = 10, premium rate ¢ = 1.3, gamma parameters ¢« = 15 and b = 10, but no Lévy perturbation
(m = 0).

This process has been used in finance as well as in insurance (see Dufresne, Gerber, and Shiu 1991;
Madan, Carr, and Chang 1998).

2.1.3 Generalized Inverse Gaussian Process

The class of generalized inverse Gaussian (GIG) distributions is characterized by three parameters: 8,
v, and k. If B = —1/2, the GIG distribution reduces to an inverse Gaussian. The gamma distribution
is a limiting case of the GIG distribution for § > 0, y > 0, and k — 0. These make the GIG Lévy
processes a natural extention to the gamma process.

GIG distributions have been extensively studied by Jorgensen (1982). Barndorff-Nielsen and Halgreen
(1977) showed that this family is infinitely divisible, and therefore we can define a positive Lévy process.
The generalized inverse Gaussian process is a subordinator with Laplace exponent given by

28
KB ky 1+ =
Y

)B/2 - fo (1 = e™) dQ), (2.8)

Y(s) = —In
2s
KB(K’Y)<1 + ?

where B € R, k, vy > 0, and K; is the modified Bessel function of the third kind with index B. Its
domain is s > —v2/2 when B = 0, but s = —v°/2 when B < 0. Its Lévy measure ¢ is given by

dQ(x) = q(x) dx = 010 |:K2 j: e ™'gs(2¢%t) dt + max{0, B}] e Y2 (g, (2.9)

where
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gaw={§yuuwb+NWVQ@.

J and N are modified Bessel functions.
The mean of the process at time 1 is

o = ELX(1)] = & el (2.10)
v Kg(ky)
Note that Q(0) = [ dQ(x) = *, and the process is composed again of an infinite number of small
jumps. The increments of length larger than 1 of this process follow a generalized inverse Gaussian
distribution.

A particular member of this family, the inverse Gaussian process, has been proven to be a good model
for aggregate claims (Chaubey, Garrido, and Trudeau 1998); see the illustrative path in Figure 2 with
initial surplus u = 10, premium rate ¢ = 2, and inverse Gaussian parameters § = —1/2, k = 4, and
v = 2 (no Lévy perturbation, n = 0).

A GIG family of processes has been recently proposed in insurance to model aggregate claims (see
Morales 2004).

3. A GENERAL PERTURBED Risk MODEL

3.1 The Model

Consider a general perturbed risk model based on a subordinator for the aggregate claims and a
spectrally negative Lévy process for the perturbation, as in (1.1). This is quite a general model as it
includes, as particular cases, several models previously considered in the literature.

Subordinators have appealing features as models for aggregate claims. They are nondecreasing jump
processes that can naturally account for claims. Despite their counterintuitive property of allowing for
an infinite number of small jumps, they still preserve the ladder-height structure of the classical risk
model.

Figure 2
Surplus Process in (1.1) with Inverse Gaussian Subordinator (B = -1/2, k = 4, vy = 2)
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Using a subordinator in the model implies an infinitely divisible distribution for the aggregate claims.
Some possible choices are gamma, inverse Gaussian, or generalized inverse Gaussian. All these have
closed-form densities and have been used previously as models for aggregate claims. This can be seen
as an advantage over defining the individual claims distribution first; recall that in the classical case
the aggregate claims distribution does not have a nice closed-form expression.

Despite the loss of detail in subordinator models, we can recover an individual claim size distribution.
Simply divide the infinite number of jumps into two types: those smaller than a certain threshold €,
which we will associate with an extra source of randomness (perturbation), and those larger than €
that can be seen as claims with distribution Q(e) — Q(x)/Q(e) = [¥ dQ.(s)/fZ dQ.(s). The tail behavior
of such laws depends on the tail behavior of the Lévy measure dQ (see Kliippelberg, Kyprianou, and
Maller 2004).

As for the perturbation, spectrally negative Lévy processes are relatively tractable, despite their in-
finite number of small jumps. Incorporating this type of Lévy process in the model accounts for extra
sources of randomness, still keeping a similar but more general structure for the ladder-height
decomposition.

This general perturbed model has been recently studied in the literature. Yang and Zhang (2001)
proposes a model like (1.1) where Z is a Brownian motion special case. They adapt existing results for
Lévy processes to an insurance context. Using a theorem from Zolotarev (1964), they interpret the
ascending ladder-height process as a classical ladder-height structure for the ruin probability.

Huzak et al. (2004) work with the general model (1.1) and give a general ladder-height decompo-
sition of the ruin probability. This illustrates the fact that classical results in ruin theory are embedded
in the fluctuation theory for spectrally negative Lévy processes.

Chiu and Yin (2005) study the last time that the risk process crosses level zero, as well as the duration
of the ruin event. They also use a theorem from Zolotarev (1964).

Both papers above rely on the following result (reproduced here from Zolotarev [1964] for
completeness).

Theorem 3.1

Let X = {X(t)},~o be a Lévy process with no positive jumps, cumulant exponent ¥ and Lévy measure
dQ. Moreover, let it have a finite mean E[X(1)] = py = [ x dQ(x) = 0. Define {(u) = P[sup,-, — X(¢)
> u] for u = 0. Then we have that

—su _ PxS
s J'o e "(u) du = 1 9.(5)’ s> 0. (3.1)
Above, {s(u) is associated with the ruin probability for the model in (1.1). Let X(¢) = U(t) — w, then
{s is the ruin probability for (1.1). Since X has no positive jumps, Theorem 3.1 applies, and a general
ladder-height decomposition for { can be derived. This is spelled out in the following theorem. (Note:
the convolution operator * between two distribution functions F and G on R" is defined in the usual
way F = G(x) = [$F F(x — v) dG(y) = [5 F(x — v)8(v) dy, if G admits a density function g.)

Theorem 3.2 (Huzak et al. 2004)

Let U be a risk process as in (1.1) and denote by X(t) = U(t) — w. Then its associated ruin probability
P(u) = Psup,.o1—X()} > u] satisfies the equation

e o 1 n
1 — — ME? = *(n+1) 32
b =1 2 (1 n e) G D (w), (3.2)
where M is like a ladder-height distribution, with Laplace transform given by
o W(s
G = | e i = B9, (3.3)
0 WsS

for ng = E[S(1)] and G is the distribution with Laplace transform given by
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cs
\I’Ct+nZ(S) .
Recall that Q is the tail of the Lévy measure of the subordinator in (1.1) and ¥, +nz 18 the Laplace
exponent of the process U(t) — u + S(t) = ct + nZ(t).

We can recognize &, to be the Laplace transform of a distribution given in terms of the tail of the
Lévy measure of the subordinator S, as in (2.3), but with a = 0:

&, () = s (S) J;x e 7@_(30) dx = J(’” e s % dx s>0

€(s) = fo e dGx) = (3.4)

)

sS ) o Q) dt ) g
which allows us to identify the ladder-height-like density as
Q)
mx) = ——= . 3.5
® oo )
Equation (3.2) implies that 1 — {s(u) follows a defective renewal equation of the form
_ - — — >
1 — ¢(w) 1+ 0 G(u) + T OJ [1 — ¥ — s)] dM = G)(s), u = 0. (3.6)

From (3.2), using standard renewal theory techniques (see, e.g., Asmussen 2000), we obtain (3.6).

Clearly this unifying approach to risk modeling through Lévy processes not only brings new insight
to some well-known models, but also enlarges the class of risk processes. These two effects are illus-
trated in the following sections.

For instance, Theorem 3.1 gives a relationship between the ruin probability and the Laplace exponent
of the risk process. This is used in Section 5.4 to calculate ruin probabilities by inverting Laplace
transforms.

Theorem 3.2 gives a general decomposition for the ruin probability that expands the usual ladder-
height interpretation. Here each step in the ladder can be decomposed into two independent random
variables. This clearly separates the effect of the subordinator from that of the perturbation in each
ladder step. The corresponding distributions of these random variables, M and G, are given in terms
of their Laplace transforms and are related to the Laplace exponents of the subordinator and the
perturbation. This can be used in direct computation to obtain ruin probabilities in a larger class of
processes. For instance, the methods described in Politis and Pitts (2005) could be adapted to this
more general model.

3.2 Examples
The following illustrative examples will help understand the generality of the model in (1.1).

3.2.1 Classical Compound Poisson Model

The classical risk model is included in (1.1), when S is a compound Poisson process and there is no
perturbation, that is,

UE) =u+ct — SE, t=0,

where the jump distribution is, say, F. We can see that equation (3.6) reduces to the known renewal
equation for the ruin probability while its solution (3.2) is the well-known Beekman’s convolution
formula (see Asmussen 2000, p. 62).

Since there is no perturbation here, we also see that the Laplace transform & is constant at 1, hence
recovering the Laplace transform of a compound geometric. The jumps in such a compound random
variable are given by (3.5), which reduces to the so-called ladder-height transformation of the claim
distribution F.
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3.2.2 «-Stable Perturbation

Furrer (1998) studies the model in (1.1) for a compound Poisson process S and Z = Z_ an a-stable
Lévy process with no positive jumps, that is,

Ut) =u +ct — St) + nZ,(), t=0.

The compound Poisson process has a jump distribution F. Furrer shows that the function &; of the
decomposition in (3.2) is the Laplace transform of a distribution function G given by

— _ N (_C/na)n a—1)n =
Gx) =1 ,;)F(1+(a—1)n)x( mox = 0. (3.7)

Hence the renewal equation (3.6) and its solution (3.2) hold with the above G, with the ladder-height
transformation M of the jump distribution F:
1 X

M(x) = EJ [1 — F()] dk, x >0, 3.8)
0

and where B = [§ [1 — F(x)] dx < « is the mean jump.

3.2.3 Brownian Motion Perturbation

Gerber (1972) and Dufresne and Gerber (1991) study model (1.1) when Z = W is a Brownian motion
with zero drift and infinitesimal variance o, and S is a compound Poisson process, that is,

U(l) =u +ct — St) + cW(p), t=0.

This is a particular case of the model of Furrer (1998), since a Brownian motion is an a-stable Lévy
process with index a = 2. Equations (3.2) and (3.6) hold with M given by (3.8). As for the function G
in (3.7), it reduces to

Gx) =1 — e @ x>0,

that is, an exponential distribution.

3.2.4 Gamma

Dufresne, Gerber, and Shiu (1991) study model (1.1) when S is a gamma process and the perturbation
Z is not present, that is,

Ult) =u + ct — S(), t=0.

If the aggregate process is a gamma process, then equation (3.2) takes the form

9 0 1 n .
1—qj(u)—1+en§‘,o<1+e>M w), u=0, (3.9)
where M is the distribution function of m in (3.5), that is,
3 Q) dt

Mx) = —— " 3.10

© =500 d (10

=b J E,(bt) dt =1 — e ™ bxE,(bx), x=0, (3.11)

0

and where E|(x) = [Z ¢t 'e " dt is the exponential integral function (see Abramowitz and Stegun 1970).
This last equation comes from the fact that, for a gamma process with Lévy measure given by (2.6),
we have
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f: Q) de = f:tdQ(t) =2

while

f O@) dt = f f as~le " ds dt = af E,(bt) di,  for x = 0.
0 0 t 0

Notice that (3.9) implies that | satisfies the renewal equation in (3.6):

1 — M@) 1 f L
= + - = 0. :
VW) = T g ) b ) ), w=0 (3.12)
In other words, (3.6) simplifies here to
e " — buk,(bu) 1 f "
= + - V] = .
bW e g ), = WDEGy) dv, u =0, (3.13)

where E, is as in (3.11). Note that both (3.12) and (3.13) imply $(0) = 1/(1 + 8), as in the classical
case (see also Yang and Zhang 2001, p. 288).

3.2.5 Generalized Inverse Gaussian
In Morales (2004) we find a model like (1.1) where S is a generalized inverse Gaussian Lévy process,
without the perturbation Z:

Ult) =u+ ct — S, t=0.

In this case (3.2) takes the form

)

5o 2 (1 +e) M*(w), u=0, (3.14)

— Y =

where M is as in (3.10) and Q is the tail of the Lévy measure of a GIG process, given in (2.9). This
expression must be computed numerically. Note again that ¢s(0) = 1/(1 + 6) here also, as in the above
gamma case.

However, if the parameter B of the GIG is *3, then closed forms for M exist since the function g,
in (2.9) becomes gz(v) = 1/mVy. In particular, if B = 1/2, M becomes

v 2kl@ o (v 1 k@[22 (v 3
M) =1 - P (Yyl) WO 2p (3
() Ky+1{ Yy 2 %5 T v 2 Y2

_ (v 1 1]2 ’
— yxI' <% X; 5>:| + 5 [? e 02/2x — yT <3x O>:|} (3.15)

where ['(u; o) = [ x* e ™ dx is the tail of the usual incomplete gamma function (see Abramowitz
and Stegun 1970, p. 260). Some authors differ by defining I' (u; o) = 1/T'(«) 7 % 'e™* dx). Note that
our I'(u; 0) is also the exponential integral function —E,(—u) in (3.11).

If B = —1/2 (inverse Gaussian process), then M is given by

_ 2@ e (e 1) k@ 2 (v 3) (Y.L
M(x) =1 K{ 1T'y2 F<2x,2> - [VF<2x,2) ny(Zx,2)]}. (3.16)

This last expression comes from the fact that, for a GIG process with Lévy measure given by (2.9),
we have

| 0@ di= | caow =
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Note that (3.14) implies that s satisfies a renewal equation in terms of the function M. For instance,
in the case where B = 4, equation (3.12) can be written in terms of M, in (3.15), or its corresponding
density function m given for x = 0 by (see Morales 2004 for details):

'YZ KF(%) - -3/2,—( 2/2 1 jx —1 . —(~2
= e 20 dt + — | ¢Tle 20 de | 3.17
me) HK+H[wV§x ‘ 2 ). 0 (317

4. EXPECTED DI1SCOUNTED PENALTY FUNCTION

Gerber and Shiu (1998a) introduces the concept of expected discounted penalty function as a way to
study the distribution of the time to ruin and the surplus at and prior to ruin. For the classical risk
model, the expected discounted penalty function ¢, henceforth called the Gerber-Shiu (G-S) function,
is defined as follows:

d) = E[wU(-), [UMe . (T)

where w(x, y) is a nonnegative penalty function for being ruined, u is the initial surplus, 7 is the time
of ruin, and U(1—) is the surplus just prior to ruin.
Gerber and Shiu (1998a) show that (4.1) can be written as a convolution series:

U©0) =u], u=0, 4.1)

b =h* > g"w, u=0, (4.2)
k=0
for some functions h and g (where h x ¢ = [§ h(x — v)g(v) dy, which differs from the convolution of
distributions, F * GG, defined for Theorem 3.2 and denoted by a different asterisk).
The G-S function can be extended to more general risk processes like model (1.1). This problem will
be worked out in its full generality in a sequel to this paper. We first study (1.1) without the pertur-
bation Z, that is, = 0, and hence

U@) =u +ct — SO, t=0, (4.3)

where S is a subordinator.
Appendix A.1 shows that, for the risk process driven by a subordinator S only (q = 0), the G-S
function in (4.1) satisfies (4.2) with

= : >—P(y—x) & =
&) =19 f oo a®™ *=Y (4.4)
and
N e q= + ) -
= > P(E=X) &py —_— =
h(x) T+ 0 L L e’ w(z, y) 12 00) dt dy dz, x = 0. (4.5)

Here dQ(v) = g(v) dy and Q are, respectively, the Lévy measure of the subordinator S in (4.3) and its
corresponding integrated tail. As for the constant p, it is the non-negative solution of the equation

d—cr+V¥{r) =0, r =0, (4.6)
where ¥ is the Laplace exponent of the subordinator in (4.3).

ReEmMARK 4.1
Note that equation (4.2) implies that the G-S function is the solution of the equation

b)) = ﬁ: b(x)g(z — &) dx + h(), >0, 4.7

where the functions g and h are as in (4.4) and (4.5), respectively.
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REMARK 4.2

Denote by f the Laplace transform f (8) = J§ e ** f(x) dx of a function f, for s = 0. Then the solution ¢
of (4.7) can be expressed also in terms of its Laplace transform &:

h(s)
1-3(s)

For subordinators, the structure of the Gerber-Shiu function is preserved and related results follow
in the same straightforward way. For example, if 8 = 0, then p = 0 and the differential term

QW)
1+60/200dx ™ 1+

&@=$@ﬁ@rw%)=;gﬁﬁwm)= s = 0.

) dy = o m@) dy
can be interpreted as the probability that the surplus will ever fall below u and be between u — y and
u — v — dy. Recall that m is the ladder-height density for the subordinator S.

Also, if 8 = 0 and w(x, y) = 1, then

1 ” 1
h(x) = 1—4‘9 L m(t) dt = 1—+GM(;X?),

which can be interpreted as the probability that the surplus will ever fall below u and will be below
u — x when it happens for the first time.

Other results that can be obtained by approaching risk models from the theory of Lévy processes.
For example, a relation between the G-S function ¢ for a risk process driven by a subordinator and the
ruin probability function {s is derived in the following result (see Appendix A.2 for the proof).

Proposition 4.1

Let ¢ be the expected discounted penalty function as defined in (4.1) for a risk process driven by a
subordinator S with Lévy measure dQ. Let also h be the function defined in (4.5). Then the Laplace
transform of ¢ is given by the product

~ 1+6 ~
dw) = 5 Ch)n), u =0, (4.8)
p
where
ep
n 1+90
n(s) = .
1= 1+6%4 P)

is the Laplace transform of the tail of a compound geometric distribution. Moreover, this distribution is
the ruin probability s, of a risk process driven by a subordinator S, (the (—p)-Esscher transform of the
original subordinator S) and loading factor: 6, = (1 + 0)pg/p, — 1, where p, = E[S,(1)].

This representation of the Gerber-Shiu function in terms of ruin probabilities of an Esscher-
transformed risk process seems to be new. It can be compared to a similar expression derived in Drekic,
Stafford, and Willmot (2004) for the classical risk model. Hence (4.8) should extend to subordinators
their method to compute moments for the time of ruin.

4.1 Ruin Probabilities

If w(x,y) =1 and & = 0, then p = 0 and the G-S function reduces to the ultimate ruin probability,
that is, the renewal equation in (4.7) becomes
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1-Mw |
1+ 1+e

P(u) = f (u — v) dM(y), u=0. (4.9)

Recall that m and M are, respectively, the ladder-height density and distribution defined in (3.5) and
(3.10). Also, for w(x,y) = 1 and & = 0, (4.4) and (4.5) become, respectively,

o @ 1 0@ m® _
é’(”)_1+9Lng(t)dtdy_1+efg°Q(t)dt_1+e’ *=0,

and

q(z+y) = w5 —1_7]\/[(‘”) >
fjfoQ(t)dtdyd“”‘Lé@dt‘ A

Ruin probabilities can be computed numerically using (4.9), as its solution is a convolution series.
Alternatively, Section 5 gives examples that use the relation between ruin probabilities and the Laplace
exponent in Theorem 3.1. A numerical inversion of the Laplace transform then gives the ruin
probabilities.

h(‘”)_1+e

4.2 Joint Distribution of the Surplus Prior and at Ruin

Consider the discounted density function

A s = | e v, dho e

where f(x, y, tju) is the joint density of the surplus prior to ruin U(t—), the deficit at ruin |U(7)|, and
the time to ruin 7. Note that the discounted distribution Fy can be recovered from the G-S function
when w is an indicator function assigning value 1 to the point (x,, y,), that is, b(u) = Fs(x,, y,lu) for
w(w, y) = g @) U, ). The discounted density f; is then obtained by differentiation.

Also note that if 8 = 0, then f;(x,, yolu) := f(x,, Vo/tt) is simply the joint density of the surplus prior
to and the deficit at ruin. This implies that fi(x, yju), and therefore f(x, yju), both follow a renewal
equation of the form in (4.7), that is,

S, yh) = J; fole, ¥)g — 2) ds + h(w),  u >0, (4.10)

where g is given in (4.4), and h in (4.5) simplifies to

A (G

1
h(z) = T+08¢ 2 000 de D0 (),

g = 0.

Hence, the solution of (4.10) is

foe, yu) = h * 2 g*w), u=0.

=0

Classical results for the discounted joint density f;(x, ¥|0) and its marginals also can be extended to
the model (4.3) in a straightforward way.
From (4.10) we have that ¢(0) = h(0), and hence

o A&+ )
1+ 6 I3 Q@) dt’

Integrating this function over x gives the discounted marginal of the deficit at ruin:

fﬁ(x7y|0) = x > 07y > O
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fra010) = | A 510) dv = g, (411)

Similarly, the discounted marginal of the surplus before ruin is given by

foa(x[0) = fo fole, ¥[0) dy = e ™ m(x). (4.12)

1+6

Finally, the Laplace transform of the time to ruin T is

Ele™ 1y, MIU©) = 01 = || A, 510) dy

1 f”
= —px
1+6Jo e ™ m(x) dx.

4.3 Examples

The above results are illustrated with the gamma and generalized inverse Gaussian risk models of
Section 3.2.

4.3.1 Gamma Process

If the aggregate claims form a gamma process in (4.3), then the G-S function (4.2) is the solution of
the renewal equation in (4.7), with the functions g and h in (4.8) and (4.9), respectively. The latter
simplify when the Lévy measure of a gamma process in (2.5) is used:

g(x) = T+ 6 f e PO hyTlemty gy, x =0, (4.13)

and for x = 0,

1
1+86

h(x) = f f e P (g, v)b(s + v) e PEY dy dx, (4.14)
kY 0

where p is given by (4.6), which is here the nonnegative solution of
S +cr+aln (1 + g) = 0. (4.15)
These simplifications are due to the fact that for the gamma process [ Q(t) dt = [ t dQ(t) = a/b.

Setting w(x, y) = 1 and 8 = 0 to obtain ruin probabilities, yields p = 0, and equations (4.13) and
(4.14) become

5 — 1 fx —1,—by — 1
g(x) =7 o). by~'e dy—l +6bE1(bx),
and
[ e ™ — bxE,(bx)
W) = | a0y dy = 209,
respectively.

The G-S function then gives the same ultimate ruin probability as in (3.13). Note that the resulting
renewal equation for the ultimate ruin probability is also consistent with (3.12).
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Similarly, the discounted joint density f;(x, y|u) satisfies a renewal equation of the form in (4.10),
that is,

fole, yuw) = fo fo(e, yR)g — %) ds + h(w),  u >0, (4.16)

where g is given by (4.13) and

h(z) = e P (x + y) e P (), 5= 0.

1+86
Finally, (4.11) and (4.12) show that for the gamma process

be®
1+0

epy
1+6

f520000) = f b=t e” TP dx = E\[G + o], »>0,

while the corresponding discounted marginal of the surplus before ruin is given by

—px

1+6

fo1(x]0) = e ™m(x) = bE, (bx), x > 0.

1+6

4.3.2 Generalized Inverse Gaussian
If the aggregate claims in (4.3) form a generalized inverse Gaussian process, then the G-S function
(4.2) is the solution of the renewal equation (4.7), where the functions g and h are given by (4.4) and
(4.5). The latter simplify when the Lévy measure of the GIG process in (2.9) is used. Simpler expressions
are obtained when B = +1.

For example, if 8 = 1, then (4.4) and (4.5) take these forms, for x = 0:

* 2 ra/2 1 2\,/2
fx e (K'Yy+ 1) |:K’1T( ;y) " §:| yileiyhy/b dy, (417)

5 =
8 =179

and

h(x) =

1 f”’ J'x e P (g, ) ol [ <L(1/2) l]
1+60JJo U ky + D) [wV2(@E +y) 2
X (2 4+ y) e YEW2 gy dy, x =0, (4.18)

where p is given by (4.6) and is here the nonnegative solution of

-3+ cr—In S\ P2 = 0. (4.19)
r
KB(K'Y)<1 + ?>

These follow from the GIG Lévy measure in (2.9) and B = 3, which imply that [ Q(¢t) dt = [3 t dQ(t)
= ky + 1/4° and

_ K
qx) = [wm

See Morales (2004) for details.
To obtain ruin probabilities, set w(x, v) = 1 and 8 = 0, which yields p = 0, and the above g and h
simplify to

111 5
ras2) + —] — e Y/2, x > 0.
2 x
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— 1 ’Yz KF(%) 1 fm -1 - 2/2[
g(x)—1+e(Ky+l)[w\/2_t+2 e e (4.20)
and
_ 1 = M(x)
hw) = 1+

1 Y 2kl@) = (v 1\ «I'@ |2 (v 3
Nz <) ——|-T|=x; =
1+6(ky+1) Yy 2 2 0y oY 2 2

2 >

_ [y 1 112 .. _ [y
_ LAV — + = | = (v=/2)x _ LAY > 0.
ny(Zx,2>] 2[y2€ xF<2x,O>]}, x>0

The G-S function then reduces to the ultimate ruin probability, and the solution to (4.7) is consistent
with the ruin function obtained in Section 3.2.5.

The discounted density f;(x, yju) of a GIG with B = 4 satisfies a renewal equation of the form in
(4.10) with g is given by (4.17) and

2 rasz2 1
h(z) = o PE—3) Y [ kI'(1/2) n _]
1+6 (ky + D [#V2(y +x) 2
X (x + y)—le—vl'(x+y)/2|][0,x)(z)’ 5= 0.
By contrast, for parameter B = —3 (inverse Gaussian), these functions become
1 fx ooy tlxkras2y o, .,
5 = py—s) L | 77 1,—v=v/2 >
40 =1 K[ﬂzy Y™ dy,  x=0,

and

h(z) = L e P2 Y M
1+60 K Tr\/m

X (x + y)716*72(x+y)/2|][0‘x)(z)’ = 0.

Finally, (4.11), (4.12), and (4.17) imply that for the GIG process with B = 3:

ePy v \/EKF(l/2) 1/25=(¥*/2+p) V/2 + p)
-1/2,—(v2 A +
1+e(w+1){ - [y % (v’/2 + p)

() e

where T'(w; o) = [7 % 'e™ dx as in (3.15). The corresponding discounted marginal of the surplus
before ruin is given from (3.17) as

fs.z(y|0) =

1
fa,l(‘x|0) = e—pxm(x)’ x > O?

1+6
e v V2«kT'(3) RN AR I Y " 1
1+6ky+1) ™ V2 2 772
1 e
+ 5 E, <? y)} .
On the other hand, for the GIG with parameter = —3 (inverse Gaussian) the last two expressions

take the following slightly simpler forms:
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ey 2xkl’(1/2 .
fa,z(y|0) ° . { 72 [ 26— (/24P — \/m
Vz

A5 o

e m(x), x >0,

and, from (3.16),

fa,1(x|0) = 1+ 9

i e 1 \/EKF(%) —1/2,—y2x/2 __ i f\ <72 1)
T 1+0x = |7 ¢ V2 '

Note that in these examples, when 8 = 0, then p = 0 also, and

Joa(x|0) = fo,(x[0) := f(x|0), x>0,

a consequence of the known duality property

1 qx+y)
1+ 0[5 Q@) dt’

It is clearly preserved here for risk processes driven by subordinators.

Jole, ¥(0) = fo, x[0) = x,y > 0.

5. NuMERICAL EXAMPLES

This last section illustrates numerically some of the above results. In particular, expression (3.1) in
Theorem 3.1 is used to compute ruin probabilities. It relates the Laplace transform of the ruin prob-
ability and the Laplace exponent of the aggregate claims process. Ruin probabilities are then obtained
by numerical inversion of the Laplace transform for the model

Ult) =u + ct — S(), t =0, (5.1)

when the aggregate claims process S is gamma, inverse Gaussian, and generalized inverse Gaussian
process.

5.1 Gamma Process
Using (2.5) and (2.7) in (3.1) vyields the Laplace transform of the ruin probability aJAJ, the gamma
subordinator risk model:

c—a/b

~ 1
() = s cs—aln (1 +s/b) (5-2)

Recall that the process values X(¢t) in Theorem 3.1 refer to U(t) — w in risk model (1.1), and, therefore,
by = E[(X(D)] = E[U(1) — u] = ¢ — a/b.

Using standard numerical inversion techniques on (5.2) produces the ruin probabilities illustrated
in Table 1.

5.2 Inverse Gaussian Process
The inverse Gaussian process is a particular case of the GIG when B = —1. Using (2.8) and (2.10),
with this choice of B in (3.1), yvields the following Laplace transform of the ruin probability:

ds) =+ - c oy
’ s es + ky[l — V1 + 2s/y]

(5.3)
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Here py = E[X(1)] = E[U(1) — u] = ¢ — k/y. We also use the fact that for B = +4 the modified
Bessel function K; simplifies to

K_ (%) = K )(x) = \/gx_m@_x' (5.4)
Again, the values in Table 1 were obtained inverting (5.3) numerically.

5.3 GIG Process

The generalized inverse Gaussian process also takes on a simpler form for B = 4. Here py = E[X(1)]
= E[U1) —u] =c¢ — k/vy [1 + (ky)~!]. Using (5.4) and the fact that

Tr — o) —x —
Kiq)p(x) = \/;x V2e™[1 + a7,

the Laplace transform of the ruin probability { becomes

: c— 5 [1+ (ky)]
L'J(S):;_CS‘f‘K’Y[l_\/TZS/’YZ] — In [m]

Table 1 lists an illustrative example of the GIG process.

(5.5)

5.4 Ruin Probabilities

Table 1 gives the ruin probability values in all three models above for different values of the loading 6
and the initial surplus u. For comparison purposes all models illustrated have expected claims equal
to two per time unit. The following parameters were used: gamma process (a = 2.2, b = 1.1), IG
process (k = 1.8, v = 0.9), and GIG process (B =4, k =1,y = 1).

For fixed expected aggregate claims, the gamma process is the least risky, while the GIG is the most
risky, in terms of ultimate ruin probabilities.

This computational method for ruin probabilities can be used to obtain the figures in Dufresne,
Gerber, and Shiu (1991), for the gamma process, and in Morales (2004) for the generalized inverse
Gaussian process. Their parameters differ from those used here. Still our method and program repro-
duce their ruin probability values when the same parameters are used.

Table 1
Ruin Probabilities for Gamma [a = 2.2, b = 1.1], Inverse Gaussian [k = 1.8, ¥y = 0.9], and
Generalized Inverse Gaussian [B =1/2, k=1, vy = 1]

0 =0.2 0=0.5
u Gamma 1G GIG Gamma 1G GIG
1 0.55525 0.57042 0.61963 0.30334 0.32773 0.37812
2 0.39059 0.44236 0.49991 0.15644 0.20918 0.25466
3 0.27592 0.34798 0.40685 0.08244 0.13846 0.17545
4 0.19548 0.27537 0.33217 0.04405 0.09336 0.12224
5 0.13894 0.21869 0.27167 0.02368 0.06373 0.08584
6 0.09908 0.17413 0.22249 0.01266 0.04389 0.06063
7 0.07086 0.13897 0.18245 0.00660 0.03041 0.04302
8 0.05078 0.11114 0.14980 0.00325 0.02115 0.03061
9 0.03641 0.08904 0.12315 0.00140 0.01473 0.02180
10 0.02608 0.07145 0.10136 0.00039 0.01024 0.01552
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6. CONCLUSIONS

We study the Gerber-Shiu function for a risk process driven by a subordinator, deriving tractable ana-
lytical expressions in some special cases, like the gamma, inverse Gaussian, and generalized inverse
Gaussian processes.

This modeling approach has the advantage of yielding a known distribution for the aggregate claims.
It contrasts with the classical approach to risk modeling that specifies the individual claim severity
distribution, requiring convolution processes to derive the resulting aggregate claims distribution.

One disadvantage of subordinator risk models is their implied infinite number of small claims. Still,
the model remains mathematically tractable, and small jumps can be interpreted as an extra source of
variation. This is akin to other models in the literature (Dufresne, Gerber, and Shiu 1991; Furrer 1998;
Furrer, Michua, and Weron 1997; Huzak ct al. 2004; Klippelberg, Kyprianou, and Maller 2004; Morales
2004; Morales and Schoutens 2003; Yang and Zhang 2001).

A unifying approach to risk modeling through Lévy processes brings new insight on some well-known
risk models. It also enlarges the class of risk processes that allow the computation of several ruin-
related quantities.

The fluctuation theory for spectrally negative Lévy processes has evolved in parallel to the study of
G-S functions. Although they intersect, one theory is not a subset of the other. For instance, the G-S
function is now available for some Sparre Anderson risk models that are not Lévy processes. Similarly,
the theory of exit times for Lévy processes considers more general hitting times than the crossing of
ruin or dividend barriers.

We provide here a review of classical ruin problems, as seen from a Lévy processes perspective. It
gives two unifying computational methods for the ruin probability of any subordinator risk process and
reproduces the known ruin probabilities in the gamma and GIG cases. One method is based on the
solution of a renewal equation and requires evaluating series of convolutions. The other relies on the
numerical inversion of Laplace transforms. Clearly G-S functions can be further explored with these
examples to obtain moments for the time of ruin or asymptotic expressions for the probability of ruin
or of overshoot.

The G-S function for the general model (1.1) remains an objective for future research. It requires a
slisht redefinition of the G-S function, as in the perturbed model identifying which jumps represent
claims is no longer clear. Another goal for future research is to explore the implications on G-S func-
tions of the latest findings in quintuple laws for Lévy processes.

APPENDIX

A.1. Proor ofF (4.4) AnND (4.5)

Let ¢ be the discounted penalty function for the risk process in (4.3). S is a subordinator, and it has
an infinite number of small jumps. However, jumps larger than a fixed positive threshold form a com-
pound Poisson process. Therefore we can construct, for any € > 0, a classical risk processes U, as
follows:

Ut) = u + ¢t — S.(b), t =0, (A1)
where S, is a compound Poisson process with jump density
dQ(x)
fg(x) dDC = Q_(E) I](s,x)(x)v
and arrival rate
Ae = L dQ(®) = Q(®). (A.2)

The loaded premium is given by
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_ _ - © o dQ)
- (1 +e))\£“‘s - (1 + O)Q(S) L X Q_(e)

=1+ [SQ(e) + fc O(x) dx], (A.3)

where ., is the mean of f,. As € — 0, the family of processes in (A.1) converges weakly to the process
in (4.3). This follows from the fact that the U, are Lévy processes and their triplets converge to the
triplet of the process U in (4.3).

On the other hand, since the process in (A.1) is a classical risk process for any € > 0, then its G-S
function ¢, takes the form

b:(u) = h, * E gfw,  u=0, (A.4)

where, from (2.31) of Gerber and Shiu (1998a),

. A J c o qo)
() = = Py =) dy, x=0, A.5
£ = ). 55 (A3)
and from (2.33) of Gerber and Shiu (1998a)
~pe(s—) aiz +y)
h.(x) = e w(z, V) dy ds, x = 0. (A.6)
Q( )
The coefficient p, is the nonnegative solution of (4.6), which here is
o0 —cr+ VY.(r) =0, (A7)

where W, is the Laplace exponent of the compound Poisson process S, in (A.1).

To see that , — b as € — 0, first note that (A.7) converges to (4.6). It follows from (A.2) and (A.3)
that (A.5) and (A.6) converge to (4.4) and (4.5), respectively. Finally, the G-S function (A.4) then
converges to (A.2). L]

A.2. ProoF ofF ProPoOSITION 4.1

To verify (4.8) we first need to define the Esscher transform of a process. Let X = {X(¢)} be a subor-
dinator with Lévy triplet (a, 0, dQ). Define X¢ = {X¢(¢t) }, the p-Esscher transform of X, as the process
induced by the density process e ®/E[e?*@]. Then it can be seen that X? is a Lévy process with triplet
la, = a, 0, e®* dQ(x)] (see Morales and Schoutens 2003 and Sato 1999 for a proof).

Now, from (4.2) we have that the Laplace transform of ¢ can be written as

h(s)
11— 8@

On the other hand, from (4.4) we have the Laplace transform of g:

A _ 1 fw —(S—p)x JOO —py &
86 1+6Jo ¢ x ¢ o Q) dt .

From above we see that e ™ dQ(y) is the Lévy measure dQ, of a (—p)-Esscher-transformed process.
Hence g(s) can be rewritten as

1 —spov_E Q(y)
&) = 1+9J o fo(t)dtddx @9

where p, = E[S,(1)] = [§ Q,(t) dt = [§ tq,(¢) dt. The latter can be rewritten as

$@=m@;ﬁ@= (A.8)




ON THE EXPECTED DiSCOUNTED PENALTY FUNCTION FOR LEVY Risk PROCESSES 215

Re = Mg T fo x(e™™ — 1) dQ(x).

From (A.9) we can identify q,(v)/[5 Qp(t) dt as the ladder-height density m,(y) of a risk process driven
by S,. Therefore, we can write (A.9) as

A

Po? (s —
T+ 6 'gMp(‘S p),

1 Joc o A'J_, J'oc
3(s) = (s—p)x Do dy dx =
8(s) T+l ¢ stmp(v)y

where éﬂp is the Laplace transform of Mp(x) = [Z m,(y) dy. Substituting this last expression into (A.8)
gives

~ h(s)

d)(s) = 1 M ~ *
= P oo —
1 1+6 g éMp(S p)

Letting 6, = (1 + 0)ug/p, — 1, then multiplying and dividing by 6 /(6, + 1) gives (4.8).
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DISCUSSION

HANs U. GERBER* AND ELIAS S. W. SHiIUT

The authors are to be congratulated for this comprehensive paper on modeling an insurer’s surplus
using stochastic processes with stationary and independent increments and without upward jumps. A
main purpose of this discussion is to promote a recipe given by Dufresne, Gerber, and Shiu (1991, p.
185) for translating results in the classical case where {S(t)} is a compound Poisson process to the
more general case where {S(t)} is a subordinator (a process with stationary, independent, and non-
negative increments). Start with a formula for the compound Poisson process model with Poisson
parameter \ and individual claim amount distribution P(y) and density p(y). Then substitute Q(y) for
A1 — P(y)] or q(y) for A\p(y) to obtain the corresponding formula for the subordinator model. (Note
that Q(y) in the paper corresponds to Q(y) in Dufresne, Gerber, and Shiu [1991].)
Consider formulas (2.30), (2.33), (3.3), and (3.6) in Gerber and Shiu (1998):

4@ =2 [ eroongyay, 0.1)
h(x) = %L L e P (g, v)p(s + y)dyds, (D.2)
S, 310) = % e e + ), (0.3)
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TEias S. W. Shiu, ASA, PhD, Visiting Professor at the University of Hong Kong, is Principal Financial Group Foundation Professor of Actuarial
Science at the Department of Statistics and Actuarial Science, University of lowa, lowa City, IA 52242-1409, eshiu@stat.uiowa.edu.
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E[e*,,..,(1) < |U(0) = 0] = % f: e ™ [1 — P(x)]d. (D.4)

Then the recipe translates these formulas to
2@ = | ereaa)ay, (035)
h(x) = % j: f: e Pt (5, v)q(s + y)dvds, (D.6)
filer, ¥I0) = 2 Pt + ), (0.7)
Ele 1y, (1) < «|U(0) = 0] = % f( j ¢ ™0 (x) dx. (D.8)

Because

| 6way = Ers1 = 5. (0.9)

formulas (D.5) and (D.6) are, respectively, formulas (4.4) and (4.5) in the paper. Formulas (D.7) and
(D.8) can be found in Section 4.2 of the paper.

For the compound Poisson case, Lundberg’s fundamental equation (Gerber and Shiu 1998, [2.22])
is

0=8+N—cE—Ap() =8 —cE+ )\f (1 — e ®)p(x)dx. (D.10)
0
Its translation is

0=25—ct+ J: (1 — e ®)g(x)dx = & — ct + £0(8). (D.11)

This is the same as equation (4.6) of the paper, because

V(e = Q) (D.12)

by equation (2.3) with a = 0.

It is well known (Bowers et al. 1997, Theorem 13.5.1) that the quantity (\/c)[1 — P(y)] dy can be
interpreted as the probability that the compound Poisson surplus process will ever drop below its initial
value u and will be between u — y and u — vy — dy when it happens for the first time. Thus, for the
subordinator case, the formula is (1/¢)Q(y) dy. By conditioning on the amount of this drop, we obtain
the following equation for the probability of eventual ruin {s(u):

1 u _ 1 o] B
v =2 [ v - »oeds + 1 [ 0wy, w=o (D.13)
This is the same as equations (3.12) and (4.9) in the paper, because
100y _ 140 ("
M) = 2= = O d D.14
) = 5o~ o Jo QI (D.14)

by formula (D.9).

We want to mention that the (—p)-Esscher transform in Proposition 4.1 reminded us of Chan, Gerber,
and Shiu (2006) and Yin (2006); a (—p)-Esscher transform appears in both discussions. Also, Dickson
and Waters (1993) is an elegant paper on finite-time survival probabilities.
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We end this discussion with a brief discussion on dividend strategies for the subordinator model. The
surplus model is modified in that dividends are paid to the shareholders of the insurance company. We
assume that the dividends are paid according to a barrier strategy corresponding to a barrier at the
level b. Thus, whenever the surplus is on the barrier b, dividends are paid at rate c. If the surplus is
below b, no dividends are paid. Evidently ruin will occur with certainty in this model. For 0 = u = b,
let V(u; b) denote the expected present value of the dividend payments until ruin, where w is the initial
surplus and b is the barrier level. Let h be a positive function whose Laplace transform is proportional
to the reciprocal of the right-hand side of equation (D.11). Then

Vu; b) = hw)/h'(h), O0=u=b. (D.15)

Let b* denote the optimal value of b. Because of (D.15), it is the value of b that minimizes h'(b). If
b* > 0, it satisfies the condition h”(b*) = 0. For a general discussion on this problem, see Gerber, Lin,
and Yang (20006).
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