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The conventional formulas for estimating risk means and variances are derived
using techniques no more advanced than in Part 2 of the Society of Actuaries
syllabus. The main tool is linear regression and a slightly simpler formula
for variance credibility is given.

Credibility is often described in terms of how much observations can be
trusted. In insurance, we really want to know a true (but unknowable) value
for a given parameter (such as claims) for one risk in a class of risks.
Sometimes we have experience data for the risk to help us. The essence of
credibility theory is to use the experience data to make a "best estimate" of
the true risk parameter.

Since the term "best estimate" is not clearly defined, credibility
practitioners have all appealed to fitting "what we want" and "what we have"
to a preassigned model. While it has not been stated in exactly this fashion
anywhere I have looked, all credibility really does is construct the least
squares line of best fit relating the "true risk parameter given the
experience" and the 'calculated observed value based on risk experience". In
other words, credibility theory is an application of linear regression.
Moreover, “the credibility" of a risk is just the slope of this regression
line.

The development is handled in four sections as follows:

1. A review of linear regression;

2. A review of results on conditional expectations;

3. Credibility in general (estimation of an unknown parameter);
4. Estimation of Means and Variances.

Sections 1 and 3 are quite straightforward once Section 2 is grasped. There
is some complexity in Section 2 which seems to be unavoidable. The
exposition attempts to warn the reader before it gets out of hand as it may
be preferable to look at Sections 3 and 4 before spending too much time in

Section 2.

Section 3 does have one involved calculation set forth in full gory detail.
This has been included because those of us who have not had much prior
experience with conditional distributions seem to get lost somewhere in the
middle.
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"And now a word from our sponsor..." (M.Spivak, Differential Geometry)

This paper was written to enable the practicing actuary to wade through the
somewhat opaque mathematics behind credibility theory as painlessly as
possible. The only real sacrifice has been to use probability density
functions rather than measures. Densities permit writing a mean as

"hj,.;mgx “ where a measure theoretic approach would write "{xdf(x) ", and
the usual relationship between f and F occurs. There is no such density for
a coin toss (fair or unfair); but there is a measure. Since claims processes
involve discrete as well as continuous distributions, measure theory has
played a significant role in simplifying the notation of theoretical works
and in providing stronger results more reflective of real world processes.

Credibility theory is no exception. The beauty of measure theory is that
with what seems to be a slight notational change, essentially from " f(x)dx "
to " d€W) ", every result in this paper is true in a measure theoretic

context. The expression of Bayes' Theorem is the only casualty. (Bayes'
Theorem still works without a hitch, but the notation I've used would be
inconsistent with a "measured" approach.) There is a great deal more to
measure theory than a “notational change." 1In fact, careful readers of this
paper will object to the implicit assumption in section 3 that the risks A
have a continuous distribution. That implicit assumption is necessary unless
we require all readers to be familiar with measures.

Hans Buhlmann is credited with developing the notion of linking a linear
approximation (i.e., a credibility estimate) with a least squares estimate.
He has presented a excellent development in his risk theory text [1].
Several actuaries have faced difficulties with this text due to the level of
mathematics employed: real analysis is not part of the SOA syllabus and
Bihlmann's text is very difficult to appreciate without an understanding of
real analysis. This paper recreates some of his results with mathematical
tools of perhaps a more popular appeal. In addition, the form of the
credibility estimate for Ele%A)[S,,.., Sad in Section 4 is simpler than
in Bithlmann [1, pg. 105].

I believe that understanding the results of credibility theory does not
require real analysis. However, applying credibility relies on using results
that depend on the stronger definition of integration found with measure
theory. For those readers interested in learning more on measure theory, the
texts by Royden[2] and Rudin[3] are widely used. (Roydan is somewhat
simpler; Rudin is more general).
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1. A review of linear regression.

For linear regression, we have observations of pairs (x,y) with y viewed as
depending on x. To estimate y as a linear function of x, written ywmastbh we
have the problem of choosing "best" values of a and b. As is well known, the
method of least squares produces values of a and b which minimize the expression

fT Cye~-ax; —s]"

where the pairs ("ia'.‘h'- ).for i=1 to n, are the observations.

Finding a and b from this statement is a fairly simple minimum problem from
calculus. One standard presentation of the final equation for the fitted line

is as follows:
y-€rv] = LevBX ¥ (,_FIX])
Varx]
(Notation: EL') = expected value, Var[:] = variance, covl;d = covariance)

For credibility, we will need the "continuous case" presented below. Since
the result is the same, this can be skipped.

If the independent variable, x, is distributed with density f(x), then y in
(x,y) has a distribution conditioned on x, g(ylx) and (x,y) has joint
distribution. h(x,y)=g(y{x)£(x).

The regression problem now is to find a and b to minimize:
a
S(a,%) = ﬁ Cy-ax-b)"g(gl0) fo dydx
by calculating partial derivatives

23 5 - 2FIxY]) + 2a ELx™) + 26 E(X])
and

-‘2:— = -21Ey) ¢« 2aE[X] + 21
Setting the partials equal to zero and solving, we find

. ELYI-EDOELY] | Covx,¥)

a = =
EDn) - elx] Var[x])
and
b = ELY) ~a kLX)
s0. = ax + EL¥)-a€lx]

regrouping, y - E\'_y] = a (x— ELCx] )

and ‘j~E£‘\’] = C_'\/“_:'L—cx;;]r; (X"‘ED(])

as before.
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2. A review of results on conditional expectations.

We will need three things about conditional expectation and densities in
Section 3. Two are computational rules and the third is Bayes' theorem
(otherwise known as changing the order of integration).

A conditional expectation arises whenever a set of individuals divides
naturally into subsets. An example is all claims incurred under group
contracts. These divide naturally into subsets of claims incurred within

each insured group.
The rules are the following two equations:

Rule 1. EUs)= E[ElsiAl)
Rule 2. Var[s)= E[V"[’“]]+ th[‘lil‘]]

Before we can prove these rules, we will need to set the stage for Bayes'
theorem. This will show that the first rule means: if we take all
observations and divide them into categories A,, A,, etc., then over each
category A; , we have an average E[5Ik3. €{sIn;] is to be thought of as a
function of the risk A; alone. Also, each category A; has a weight and the
weighted average of the E[s[A;] is just the mean overall observations

or E[s] . An example to keep in mind is average claim size. Then S is claim
amounts and E[S] is the average claim size. E[S]A;] is the average claim
size for risk A; .

S is something we are observing.
S has a density f(s), and
Els)= Js -f(s)Js

Somehow, the observations of S are divided into subsets A (we are not
concerned with the method).

For each category, A, there is a density of S written fG'A). Also there is a

probability distribution w(A) which links the subsets together: w(A) is the
probability that a random observation of S belongs to the subset A. The

joint density satisfies 5(5’ A) = f(s14) w(A)

These notions are connected as follows:

i) = Jsol) wadsA = Jq0s,A)da
E0s1A) = [Lfeladds

We prove Rule 1 by direct calculation:

Eletsid) = [ emsiad wnda = [ [ [foindsJunda
[f sty wtiddsdh =[] 5 gcah dsdi

fs [ Jj(s,A)JA] ds fs {e)ds
ELs)

and

0
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Rule 2 is also a calculation:

Var[$]= EUs*) - E[51T
ECs*l - eLetsm*) + ELetsma*] - ELs)™

£[e0s*ad) - Bl etsia) + ELEsA) - ELeLsm)]™

L }Y
Elecsiar —etsr 3 o gl gsiar] - ELessma)t
ElvarLsiad] + Var LrLsiad)
While this algebra may seem a bit dense, line 2 introduces a convenient
representation of zero, line 3 uses rule 1 on the first and last terms, line 4

just aggregates the first and second terms which are both expectations over A's,
and line 5 is just the definition of variance (twice).

»

Rules 1 and 2 were derived using the one half of Bayes' theorem:
J(slA) = f(s 1A w(a)

The other half of Bayes' theorem is the part we will need in Section 3. We
need a new probability distribution for & given a value for S,

denoted K(A[!) . This satisfies:
405,A) = w(A]s) £¢)
We will use: D\(*ls)«FCO = ‘F(“D \L(A)

and its generalization:

WA ls, oy 8a) f0s0 €65 - £G> = $010) (51 - F051A) w(h)
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3. Credibility in general (estimation of an unknown parameter).

To begin the general analysis, let us take inventory. We have available the
following:

- A collection of risks, A, and a probability density function, u(a),
reflecting the weight assigned to each risk.

- A set of observations 3,,..,Sa of some parameter S (e.g., average
claim size or variance of claim size). These observations are attached
to a particular risk. The parameter S has a density f(s) over all
risks or f(s] A) if restricted to the risk A.

- An unbiased estimator of the parameter S: ¥ = ¥(53,,...,Sa)
(i.e., S is a function of §,....,5, ).

In practice, u(A) is the weight to assign each risk so that rule 1 of Section
2 will work for observations of the parameter 3.

We want a best estimate of the "true mean" of S at a risk, A. That is, we
want ELSIAY denoted .« (A) . We will also use o*(A)=Var{3]A]. since 1) is
unavailable, the next best estimate answers the question, "What do we
expectM to be given S, ..,5« ?" Translated to symbols, this

is ELudA] s, .. ,5a)

In the real world, f(s) and u(2) will not really be available, but experience
data for the collection of risks can be used to approximate what we need.

5 must be unbiased. In particular, $ must provide an unbiased estimator
of/.,(A) . That is, ELS MJ:/-(A) . Since we will be most concerned with
means and variances, it is enough to know that such unbiased estimators
exist.

Look again: We have S , we want ECu(A)]s,, ., Su). Let us try linear
regression with x=3 and Yo Ecﬂ(h)ls.,...,s.\] .

From Section 1, we can write the equation of the regression line immediately:
cw 3, ELnhls,,..,57)
- tfeLals., -, 841} = 2 ’ ( _Er3
3[/“"] ver£3) x- EL3]

The rest of this section transforms this to

ELal s, %)~ 2. 54 (-2 ELAw)

with
Var E/“-(l)J
z= Va.rl;;«-(A)] + E[,VM[-ilAﬂ

Section 4 will analyze g further when estimating means and variances.
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First let us transform the regression line eguation to
ELaw)s,.,5.] ~ 23 + (o) ELmuw]
Since the expectations are over all possible % ,..., Su ,

(1)_E[§] = E[/\M)J by the assumption that § is an unbiased
estimator of w(4). CErs) = E[ecs141]) = ELucmd) )

(2) E[E[ﬂwls,,...,sd] = E[/“u)l by Rule 1 of Section 2.

The convention is to write EL/-(A)] rather than use &= EL#(A)] .This highlights
the importance of the risks.

Thus our regression line equation is
Elpmls, ;821 ELa)] ~ 2 (3- ELawd)

with 2= Cov (S, Eluemts,, ..., ]
Yar L33
which transforms into the familiar E[f(ﬁ)[s.,...,s.]:u 25 +0-2) ‘E[/«(A)]

We still need to analyze Z.

Using Rule 2 of Section 2, expand the denominator of2 :

Varl3) = ELvarl§1a3]) + Var [€051A3] = ECvarr3143) + VarLp(n)]

The numerator of % must be handled explicitly. This is where the comments
on Bayes' theorem apply. The important idea is that we are really just
switching the order of integration and shuffling symbols.

Now,

Cov[3,EL (s, SwI) = E[3-EQNS,,.,50) - €l3] EfeLmmls, .., 53] (1)
= o T ELuw]s, s {50 f 80 45, d5, ~ EQeon) EQuta) (2)
=J-- (20 $pm alals, s AT H6Y - (s dS\-dSn — EI’,;‘m'T“)

= Joof [ G ) [{Alss Y053+ S ST, d S = EQuN™ ()

[Note use of Bayes' Theorem]

=ﬁf S E G - fsala) n() ] 5, dsw dA -~ EL«(I)]L (3)

< J o ELTA) «Wid - ELumIv (&)
= St wa) dr - Ehuant (7
= ELa] - ELuandt (8)
2 Var La(a)) (9)
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The step from line 6 to line 7 again makes use of 3 as an unbiased
estimator of /«(,1) . The rest is definitions and Bayes' theorem.

Thus, 2. Covl 315’:1‘“)"‘1"'15“]] - Var [',:U)J
VA.rLgJ Var LS ]

= _V_ﬁV_[L_(A_)J_——————-—

Var[ay) + € [varC31a7]

This concludes the general developement. The rest of credibility theory has to
do with particular choices of estimators §=§(S|,...)s,) of the parameters we wish
to study.
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4. Estimation of Means and Variances

As stated at the end of Section 3, the main trick in credibility theory is
finding an unbiased estimator for the parameter under observation. In this
section the credibility levels, &, for means and variances will be
discussed.

In rules 1 and 2 from section there are three terms needed to calculate total
means and variances. Two of the three have a reasonable interpretation for
the risk: ELa()|5,, .-, 521 and ELet@ s, .., 5a] . Comparing these with
rules 1 and 2, a third item is suggested: Var [LatA)is.,..8.]. Biihlmann [1,pg.
99] relates this component to the "fluctuation part" of his credibility
premium concept.

n
For means, our unbiased estimator is $= -}\- zs‘»

EL31AY = pe(B)
Vor [51A)= 2 o4(A)

Now . VarLata)) - Vav Lan ]
Vav [ulA} E[Var[¥141) Ver Lu)] o e [ £ 0et))
Vor LAA]

i Var[p)) + ',\‘- elw)

Rearranging, "
2=~ gtem
Var Lai)]
Writing ) £L (A
Var [/dﬁ))
We have

a D
z nHG

For variances, we are first looking for a credible estimate of (A)
given %;,..,5« . To keep the notation straight,/ctq) and § of section 3 are
replaced by the analogous symbols for variance:
3 becomes Fim.l. 2[,‘,-;]" and s(4) becomes r(A)
»=

Lod]

3™ is our unbiased estimator of @A) EL £*A) = Q1)
This tine E[e*W]s,, .., 5a ] ~ 2. Z* +.(-2) ELr]

ith
" Var [ (A

Ver Ler] + Elvar L2 A)

2=
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Calculating VM-[!‘MJ is an exercise for the reader. The formula below is
presented in Bithlmann [1, pg. 104] without complete proof. Since my
derivation of it takes several pages and sheds little extra light, it is not
included. The following is an explanation of the results.

- 4
Let Y. (4)= E[ L3-pcl) \A} -3 This is called the "excess." (Excess
«*(4) kurtosis over a normal distribution.)
a1 o [ reV [ wex  a(Nuaw) %) J
Then Vb«r[z“]-("n’:{") [ — - (:. r =3

l‘
This can be rewritten \/‘_r [t’lAJ = 7 “2‘\‘1“) + Lﬂ’_ﬂ‘i)

Substituting in % we have

Z= Var [v‘(A)]

Vav Lot ] + B[ ver C2214]

Var [eitm]
Var Lor®] & g[ a AT N acw
LY n-t

2

Rearranging:

n(n-»
a(n=)) + -OK, & nKo

Where
K, = E[oWam]
Var [r2(a)]

and K. = 2EL @]
Var L))
The numbers K, K, and K, I have taken to calling "50%" credibility levels.

For Var[/«(A)lf.,--.,S.‘] there is no obvious candidate for an unbiased
estimator. However, if there is no way to differentiate between risks we
always have:

Var [,«(A) Is,, .-, Sa] ~ E[v.r[;,.,u)_ls,, s s.])

Moreover, as Buhlmann observes, we have an estimate ofa(d) given ¥, ..., 5«
Following this through, as on the next page, we find

\/&r [/‘"(A)ls', ) Sv'] [and (i‘ “K )v@f [/"U)J

LB 4

with K defined as for the mean.
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By detinition Var Luls,,5.)% € § Lati~ €Ll 5 0" 5,50
~E {_ YOS 54 —(n-m)E[,;cijt [ 5::-~-,5~3

Then

E[var Lam1s, 523) ~ E[ €] Lutwr- 28-0-DELRI T [, -, S-}]
s b {ew- 25 -G ELen Y )
s E[ {[/LLA)—“:/;(A)) ] - 2 [3— EE/.(4>]]3{J
> B[ fa- £Laeen}') - 22 B[ { pcor- €0am)] {5 e0a03} ]
2 [ {5-eLul’ ]

v

Var [aw] - 22 F[ 5[{/-(,#)~EL,«M>];£?~EWHJ? "’]]
+ 2" Vor [3]
Var A0 - 23 E[ {amm-£Lund]{men - ELacod} ]
+ 21 VerL3)

Var[,u(ﬁ)] -2z & [ {/«(4)— EL/:COJZLJ + z.LVu[ij

2 Var @) - 22 Var Luw] + 2 Varl 3]

= Var e W] (i) 4 (B2 05)

Varl§ ]

"

Ver [/‘(,(A)) (\-1%) + (V%%CA_;_J) Vn.r[/t(A)J

Var La] (1-22) 4 2 VarLun ]
(1-2) Var [a(w]

(| - ;SETZ.> \4lf Lft(4)]

!

"
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Summary and Applications

The building blocks for credibility estimates are:
EChm)
Var Law)]
ELi(n)
ELm)

EL o0 tun)

(and Var Lol = ELer'w)] - EL00)]* )

These five numbers must be estimated from historical data. To do this, there
are many different approaches, but two very different approaches should at
least be considered. The first is to assume particular distributions
(Poisson, normal, binomial, etc.) and use data to estimate a fit. Bfihlmann
presents an example of this [1, pp.106-109]. The second approach is to use
the experience data to directly estimate the building blocks, at a risk
level, and then to use the risks which are "more credible" [higher u(Aa) is
close enough] as an approximation to the true distribution. This bypasses
the need to construct (numerically) the explicit distributions.
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